Initial data for two Kerr-like black holes 
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We prove the existence of a family of initial data for the Einstein vacuum equation which can be 
interpreted as the data for two Kerr-like black holes in arbitrary location and with spin in arbitrary 
direction. When the mass parameter of one of them is zero, this family reduces exactly to the Kerr 
initial data. The existence proof is based on a general property of the Kerr metric which can be 
used in other constructions as well. Further generalizations are also discussed. 
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Introduction. — Black-hole collisions are considered as 
one of the most important sources of gravitational radia- 
tion that may be observable with the gravitational wave 
detectors currently under construction. The first step in 
the study of a black-hole collisions is to provide proper 
initial data for the Einstein vacuum equation. Initial data 
for two black holes were first constructed by Misner , 
shortly after Brill and Lindquist |^ studied a similar data 
but with a different topology which considerable simpli- 
fies the construction. Bowen-York |^ included linear and 
angular momentum. Generalizations of these data were 
studied in @ || (see also the review 0] and the 
references therein). 

These families of initial data depend on the mass, the 
momentum, the spin, and the location of each black hole. 
When the mass parameter of one of the holes is zero, one 
obtains initial data for only one black hole. It is phys- 
ically reasonable to require that these black hole data 
be stationary, i.e.; a slice of Schwarzschild or Kerr space 
time. If this is not the case, it means that spurious grav- 
itational radiation is present in the initial data. In the 
case of 1^ and this gives the Schwarzschild initial 
data. But for the other cases, where angular momentum 
is included, one does not obtain the initial data of the 
Kerr metric. 

The Kerr initial data are not included in the fami- 
lies considered above because the restrictions imposed 
on the conformal 3-metric are too strong. In most cases 
it is assumed that the conformal metric is fiat. How- 
ever, it appears that the Kerr metric admits no confor- 
mally flat slices (in fact, in |15| it has been shown that 
there does not exist axisymmetric, conformally flat folia- 
tions of the Kerr spacetime that smoothly reduce, in the 
Schwarzschild limit, to slices of constant Schwarzschild 
time). Much weaker conditions have been imposed on 
the 3-metric which nevertheless exclude Kerr data; for 
example in it is required that the conformal metric 
admit a smooth compactification. We will see that, at 
least for the Boyer-Lindquist slices, this condition is also 
strong enough to exclude Kerr data. 

The purpose of this article is to generalize these con- 
structions above in order to include the Kerr initial data 
as a particular case in which the mass parameter of one 



black hole is zero. This family of initial data is the nat- 
ural generalization of the one found in For the ax- 
isymmetric case, similar data have been calculated nu- 
merically jl^]. Recently, a different type of initial data 
has been also calculated numerically The existence 
proof is based on general property of the Kerr initial 
data, which may also be useful in other constructions. 
The plan of this article is as follows: first we prove this 
key property of the Kerr metric; second we give a re- 
markably simple application of it in the construction of 
data that can be interpreted as data for a Schwarzschild 
and a Kerr black hole; then we construct more compli- 
cate initial data, which can be interpreted as the data for 
two Kerr black holes. Finally, certain generalizations are 
discussed. 

The Kerr initial data. — Consider the Kerr metric in 
the Boyer-Lindquist coordinates (i,f, z?, 0) ||], with 
mass m and angular momentum a such that m > a. Take 
any slice t = const. Denote by /i^^ the intrinsic three 

ab 



metric of the slice and by its extrinsic curvature. 
These slices are maximal, i. e. ft,^^ = 0. The metric 
is given in the coordinates (f, z9, 0) by 



''-ab 



(1) 



where 



S = P + cos^ ??, A = P + - 2mf , (2) 



and 



2mf 



(3) 



The metric is singular where A or S vanishes. The zeros 
of the function A are given by 



r^ = m -\- S, f_=m — 5, 



(4) 



with 5 = \J — . 

Consider the coordinate transformation 

, a^cos^(V;/2)-fj2sin^(VV2) , 

r = ; ; h TO, < V < ""i (5) 

aavo-Tp 



1 



where a is a positive constant. This transformation is the 
composition of the transformation to the quasi isotropical 
radius f and a stereographic projection, i.e. 



4f ' 



Q!C0s(V'/2) 

2sin(-0/2) ' 



(6) 



It is defined for for f > rj^, and becomes singular at f+. 
We consider (-0, i?, 0) as standard coordinates on S^. The 
south pole is given by -0 = and the north pole by "0 = tt, 
we will denote them by {0} and {tt} respectively. Due to 
the isometry f i5^/(4f), the transformation (||) maps 
one copy of the region f > f+ into the region ip > 0+ 
of , where 0+ = 2 arctan(Q;/(5), and another copy into 
■0 < tp+. In the new coordinates the metric (|l|) extend 
to a smooth metric in — {0} — {tt}. This manifold 
defines a space like hypersurface in the Kerr space time 
which, in figure 28 of |jl^, can be indicated by horizontal 
straight line going from one apex of a region I to the 
opposite apex of the adjacent region I. The poles {0} 
and {tt} are precisely these apexes, they represent the 
space like infinities of the initial data. This hypersurface 
is a Cauchy surface for an asymptotically flat region of 
the Kerr space time (comprising two regions I and II 
respectively). 

Using the conformal factor 



5.1/4 
ysm?/; 

define the conformal metric ft-^j by 

The conformal factor 6'fc is singular at {0} and {tt}, 



(8) 



hm (0> - 7r)6'fe = V^, hm 06'fc = -/a. (9) 

^ — >7r ^ — ^0 



The metric ft,^^ has the form 



(10) 



where ft.^^ is the standard metric of , the smooth vector 
field Va is given by Va = sin^ 0sin^ 'd{d<j))a, and the func- 
tion /, which contains the non-trivial part of the metric, 
is given by 



/ = 



(1 



E sin -0 



(11) 



The function / depends on a, m, sin0, cos 1}. It is smooth 
in S'^ — {0} — {tt}. In order to analyze the differentiability 
of / at the poles, take a normal coordinate system with 
respect to the metric /i^^, centered at one of the poles. 



define the radius I a; I 



pi')2-ji/2^ In terms of these 



coordinates the function 0, given by = \x\, is seen to 
be a C" function of . From the expression ( pT| ) one can 
prove that the function / has the form 



/-/i + /2sin'^0, 



(12) 



where /i and /2 are smooth functions in the neighbor- 
hood of the poles, with respect to the coordinates x\ 
Since sin'^ e W^'P, P < 3, (see e.g. |l| for the defini- 
tions of the Sobolev and Holder spaces W^'P and C""'") 
from expression (n2) we see that 



p < 3. 



(13) 



This is the crucial property of the metric that will be 
used in the existence proof. In fact, it is the only prop- 
erty of the Kerr metric that we will need. It implies, in 
particular, that the metric is in C^'"(S'^). Since the poles 
{0} and {tt} are the infinities of the data, the expression 
( p^ ) characterizes the fall-off behavior of the Kerr initial 
data near space like infinity. The Ricci scalar R of the 
metric ft.^^ is a continuous function of the parameter a, 
and for a = we have that i? = 6, the scalar curvature of 
/i^f,. Thus, if a is sufficiently small, R will be a positive 
function on S^. In the following we will assume the latter 
condition to be satisfied. 

It remains to analyze the extrinsic curvature of the 
Kerr initial data. Define by 



The tensor 'i/f' is smooth in 5''^ 



(14) 

{0} — {tt} and at the 



(7) poles it has the form 



(15) 



where 'if' — 0{\x\~^) and it is trace-free and divergence 
free with respect to the flat metric (it contains the angu- 
lar momentum of the data and the explicit form of this 
tensor is given in [|j). The tensor Q"'' is 0(|a;|^^). If 
a = then *f = 0. 

The coordinate transformation (^) simplifies consider- 
ably if we choose a = 6. This choice makes the metric 
(|lO| ) symmetric with respect to = 7r/2, it is useful in 
explicit calculations. Nevertheless, this choice is incon- 
venient for our present purpose, since it is singular when 
(5 = and we want to have the flat initial data in this 
limit. In the following we will assume a — 1. 

Initial data with Schwarzschild-like and Kerr-like 
asymptotic ends — The conformal approach to find so- 
lutions of the constraint equations with many asymp- 
totically flat end points i„ is the following (cf. |l^] 
and the reference given there. The setting outlined here, 
where we have to solve (f^, ([l9| ) on the compact mani- 
fold has been studied in [ |13| , (m)). Let S" be a com- 
pact manifold (in our case it will be S^), denote by z„ a 
finite number of points in 5, and define the manifold S 
by S = S\[J in- We assume that hab is a positive definite 
metric on S, with covariant derivative Da, and 'i'"'^ is a 
trace-free symmetric tensor, which satisfies 



= on S. 



(16) 
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Let 9 a solution of 



1 



= on S, 



(17) 



where Lh = D'^Da - R/8. Then the physical fields {h, ^) 
defined by hab = d'^hab and = e'-^^^'"'' wiU satisfy 
the vacuum constraint equations on S. To ensure asymp- 
totic flatness of the data at the points i„ we require at 
each point in 



= 0(1x1-") as X 



lim 1x10 

\x\~,0 



0, 



(18) 



(19) 



where the c„ are positive constants, and x* are normal 
coordinates centered at i„. 

Since {h^,'^k) are obtained from the Kerr solution, 
they satisfy equations ( 16 ) and ( |l7|) ; and also the bound- 
ary conditions ( p^ ) and (1^) at each of the poles, since 
they satisfy equations (|) and (p^). The Kerr metric 
h'' satisfies (p^, then the coefficients of the elliptic op- 
erator L^k satisfy the hypothesis of the existence theo- 
rems proved in [Q, in particular they are in C"(5'^). 
From these theorems, it follows that, for arbitrarily cho- 
sen point i G S^, there exists a unique, positive function 
dj, which satisfies 



Lhk9^ = 0, in 5*3 - {i}, 



and at i 



lim \x\9i 



(20) 



(21) 



|x| denoting the distance from i. 

We denote by 9o , 9tt the solutions so obtained by choos- 
ing the point i to be {0} and {tt} respectively and write 
the Kerr conformal factor 9k in the form 



9k = 9o + VS9^ 



Uk- 



The function Uk is then in C°'{S^). 

In order to produce another asymptotic end in the ini- 
tial data above, take an arbitrary point ii e S'^, different 
from {0} and {tt}, with coordinates {ipi, (/)i), and con- 
sider the corresponding function 9i which satisfies ( po| ) 
and (|2l]) in ii. Define the function 9sk by 



7sk — 



(22) 



where mi is an arbitrary, positive, constant. Insert this 
in equation (p^), where we use 5*^^ in place of and 
^ab place of hab- Observing that we used (|20|), we 
obtain an equation for Usk on S^. The right hand side of 
this equation is in L'^{S^), since the singular behavior of 
^f"^ at the poles is canceled by the negative power of 9. 
In n2] it has been proven that this equation has a unique. 



positive, solution, under the conditions stated above. In 
this particular case, since there is no linear momentum in 
any of the asymptotic ends, the extrinsic curvature 'iff' 
is 0(|x|~'^) at the poles, and then the right hand side of 
( p7| ) is in C"(S'^). But it is important to recall that the 
existence theorem also applies when a term with linear 
momentum is included at the ends. We will come back to 
this point later on. It follows that, for arbitrarily chosen 
point ii, the tensors 



n-4. fc 
hk ''■abJ 



^ sk "sk^k I 



(23) 



define a solution of the vacuum constraint equations. 

These initial data have three asymptotic ends {0}, {vr} 
and {«i}, i.e.; they have the same topology as the data 
obtained in Moreover, when a = we obtain ex- 
actly the same solution obtained in 1^ with mass m and 
nil (this is the reason for the factor sin(-0i/2) in (p2|)). 
Then, at least for small a, we expect the same behavior 
of the apparent horizons as the one discussed there. That 
is, when the mass parameter m and mi are small with 
respect of the separations between the ends, only two ap- 
parent horizons will appear, surrounding {tt} and {ii}- 
This makes a geometric distinction between the ends {tt} 
and {«i}, which have an apparent horizon around them, 
and {0}, which has not. When the separation of the ends 
is comparable with the masses, we expect that another 
apparent horizon appears around {0}. The evolution of 
these data will presumably contain an event horizon, the 
final picture of the whole space time will be similar to 
the one shown in figure 60 of ||l^ , which represents a col- 
lision and merging of two black holes. The asymptotic 
end {«i} can be interpreted as the 'Schwarzschild' end, 
since when m = a = (i.e.; when the end {tt} is not 
present) we obtain exactly the Schwarzschild initial data 
with mass mi. One can expect that the geometry near 
{ii} approximates, in some sense, the Schwarzschild ge- 
ometry. In an analogous way, when mi — 0, we obtain 
the Kerr initial data with mass m and angular momen- 
tum a. We then say that {tt} is the 'Kerr' asymptotic 
end. If we chose 7^ 0, tt the data will be non-axially 
symmetric. It is remarkable that, in order to construct 
these data, the only new function that one has to com- 
pute is the conformal factor 9sk , the conformal metric (||) 
and the conformal extrinsic curvature (14) being given 
explicity by the Kerr geometry. 

Initial data with two Kerr-like asymptotic ends. — 
Take the Kerr initial data in coordinates (f, -i^, 0). Make 
a rigid rotation such that the spin point in the direction 
of an arbitrary unit vector , and make a shift of the ori- 
gin f = to the coordinate position of an arbitrary point 
ii. Let the mass and the modulus of angular momentum 
of this data be mi and ai. We apply the stereographic 
projection (^ and the conformal rescaling (1^). Then, we 
obtain a rescaled metric /i^^ = h^^b + 'A^fi^oPl^ where fi 
and v\ are obtained from / and Va by the rotation and 



3 



the shift of the origin, they depend on the coordinates of 
the point ii and the vector 5*°. In S^, this coordinate 
transformation is a smooth conformal mapping with a 
fixed point at {0}. In an analogous way we define the 
corresponding rescaled extrinsic curvature . Take an- 
other vector ^2 and another point 12 and make the same 
construction. We define the following metric 



(24) 



By ( p^ we have that this metric is in 14^^''' (S*"^). Is also 
clear that for small oi and 02 the scalar curvature is 
positive. 

Set ^^1* to be the trace-free part of ^f^J with respect 



to the metric h'^^. 



Define the tensor ^f^^ by 



(25) 



where {Iw)""^ is the conformal Killing operator I, with 
respect to the metric h^^, acting on a vector In 
we have proved that there exist a unique w"" € W'^'P{S^) 
such satisfies ([l^). When ai or a2 is equal to zero, 
then 4"^^ is equal to 5'^'' or ^E"^^ respectively, since the 
solution is unique. 

Define the conformal factor O^k by 



data. We have chosen the ansatz (|24[), which is perhaps 
the simplest one, but other choices are possible too. The 
only requirement we must impose on the conformal met- 
ric ( p^ is that it reduces to the conformal Kerr metric 
when oi or 02 is equal to zero and satisfies (p^, this is 
a very mild condition. It is also possible to add an extra 
term in the extrinsic curvature (^5|) which contains the 
linear momentum of each black hole. The existence proof 
is exactly the same (see |l^). However, we will not have 
either Kerr or Schwarzschild when only one black hole is 
present, since the Boyer-Lindquist slices are not boosted, 
this is exactly the same situation as for the boosted data 
given in ||^. The conformal Kerr metric has the special 
form ([1^ ) , this can be used to prove additional regularity 
properties of the initial data, this will be done in future 
work. In order to see whether the gravitational waves 
emitted in the case of our data differ in a significant way 
from the waves observed for Bowen-York data, it would 
be interesting to compare the numerical evolution of the 
corresponding space-times. 

I would like to thank J. Baker, B. Briigmann, M. Cam- 
panelli, S. Husa, C. Lousto, R. Price, J. PuUin for discus- 
sions, and especially H. Friedrich for a carefully reading 
of the manuscript. 



Okk = ^'o + V<5i6'i sin(V'i/2) + \J 52&i sin(?/'2/2) -I- Ufc/c, 

(26) 

where Q\ and Q2 satisfy ( pO| ) and ( pl|) f or i\ and 12 respec- 
tively, with respect to the metricpj). Using again the 
existence theorem proved in Jl^ , we have that there exist 
a unique, positive, solution u^fc of equation ([TtI), where 
we have replaced hah by and '5°^ by Then, we 
have constructed a solution 



•i—A-ikk 
kk "'ah ' 



^ah 
^kk 



'^kk'^kk- 



(27) 



of the constraint equation. This solution has also three 
asymptotic ends {0}, {iij and {12}, and when ai = 02 = 
we obtain the solution |8| with mass mi and TO2. Then, 
at least for small ai and a2, we expect that the same 
behavior of the apparent horizons as the one discussed 
before. The main difference is that now both ends ii and 
12 are 'Kerr' ends, since when mi = oi = we obtain the 
Kerr initial data, and the same is true for m2 =02 = 0. 
We can expect that the geometry near each of this ends 
is similar, in some sense, to the geometry of the Kerr 
initial data, when the mass are small with respect to 
the separation. Numerical comparison for the conformal 
factor, which exhibits this behavior, has been made in 
psf for the axisymmetric case. 

Conclusion. We have constructed a family of initial 
data that can be interpreted as representing two Kerr 
black holes. It reduces exactly to the Kerr initial data 
when the mass of one of them is zero. This is the first 
rigorous proof of the existence of such a class of initial 
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